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Abstract
In the past Andr.e generalized the a ne spaces under di0erent aspects to the so-called non-
commutative geometries. One of the most general de3nitions which was inspired by Pfalzgraf
(J. Geom. 25 (1985) 147) is that of skewa ne spaces (Ann. Univ. Saraviensis. Ser. Math.
4 (1993) 93). Many interesting results are found but this subject is not much familiar to the
geometry community. Maybe the reason for this lies in the language of the axioms used. Here,
we will give descriptions of such spaces in the language of distance spaces as proposed by Benz
(Geometrische Transformationen, BI-Wissenschaftsverlag, Mannheim, 1992). Moreover, we can
3nd connections to other geometries like Ferrero geometries.
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Let us call (X; d) a T-distance space i0: X = ∅ and there is a surjective mapping
d : X ×X →D
with the three additional properties (0), (T), (F):
(0) For all x; y; z ∈X :d(z; z) = d(x; y)⇒ x=y:
General Remark. Beside examples we need not use the positive reals as the range of
the distance d. Thus, as long as one does not assume D⊂R the axioms can also be
seen as axioms for a congruence relation.
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For any x; y∈X; x =y we call
xunionsqy;
a circle through y with center x and with {x}∪ {z ∈X ; d(x; y)=d(x; z)} the set
of points. Here the symbol “xunionsqy” means more than the pure set of points namely
the 3rst point is its center. A bijection f :X →X is an isometry i0 for all x; y∈X :
d(x; y)=d(f(x); f(y)).
(T) The T-distance space [2] is homogeneous, i.e. for any x∈X one has
{r ∈D; ∃z ∈X; d(x; z)= r}=D:
From this and (0) it follows that d(x; x)=d(y; y) for any x =y. Clearly, (T) follows
already from the stronger:
( OT) There exists a group of isometries operating transitively on (X; d).
(F) The T-distance space is F-transitive, i.e. for any x; y; x′; y′ ∈X with
d(x; y)=d(x′; y′) and any z ∈X there exists z′ ∈X such that d(x; z)=d(x′; z′);
d(y; z)=d(y′; z′).
Taking z := x from F-transitivity and (0) one gets
d(x; y)=d(x′; y′)⇒d(y; x)=d(y′; x′):
Example. Let (G; X ) be a transitive permutation 1 group. For any x∈X let Gx be the
stabilizer of x∈X .
Let d(x; y) := {(g(x); g(y))∈X ×X ; g∈G}. Then, for all g∈G we have g(x)=
g(y)⇒ x=y as the group operates faithfully and thus (0) holds. As we have
{(g(x); g(y)); g∈G}= {(hgh−1(h(x)); hgh−1(h(y))); g∈G}
for any h∈G, we have that the multiplications from the left in the group are isometries
and thus (F) holds. Because of the transitivity, also ( OT) holds. d is symmetric i0 for
all x; y∈X there is g∈G such that g(x)=y; g(y)= x.
Furthermore, d(x; y) = d(x; z) ⇔ (x; y) = (x; h(z)) for some h∈Gx ⇔ z ∈Gx(y).
Therefore, {x}unionsqGx(y) is a circle with center x. If (G; X ) is at least twofold transitive
then we have a trivial geometry namely with just one circle.
Special cases are:
(a) G the group of proper motions in X =R2 and d(x; y) :=
√
(y − x)2. Then xunionsqy is
a circle of radius r around x together with x. One has xunionsqy =yunionsq x. (T) is ful3lled
by the existence of translations and the F-transitivity by free mobility of triangles.
(b) G the group of dilatations in X =Rn and d(x; y) for x =y be the point that ex-
tends the line x; y to a projective line. For x=y let d(x; y) be an additional ‘null
1 I.e. faithfully operating.
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direction’. Then xunionsqy=yunionsq x. (T) means the Euclidean parallel axiom and the F-
transitivity holds because of the existence of similarities. Here any point of the
line is the center of the circle (=line).
(c) More general: Ferrero-Geometries. Let U be a group of automorphisms of the
group G. A semidirect product GoU operates transitively on G. For 3xpoint free
automorphisms this was used by G. Ferrero to de3ne a geometry on G [4].
(d) Special group space F(G): (G;G) with g(h) := g−1h [1]. Here the group operates
even regularly. Thus, any circle has just one center and one other point. d is
symmetric i0 any g∈G is involutory.
Transitive groups (G; X ) are not necessary to construct examples: Take similar to
example (b) an a ne plane that is not a translation plane.
Now we will remember the de3nition of a skewa ne geometry:
Let X be a set of points, D be a set of directions and 〈〉 :X 2→D be surjective such
that
〈x; x〉= 〈y; z〉⇒y= z:
Let for any x; y; z there exists s∈X with 〈x; y〉= 〈z; s〉 and moreover for any u; v such
that 〈x; y〉= 〈u; v〉 there is a point w with 〈x; z〉= 〈u; w〉 and 〈y; z〉= 〈v; w〉. A line xunionsqy
for points x =y is the set of points z for which 〈x; y〉= 〈x; z〉 together with x and 〈x; y〉.
A mere translation is therefore
Any skewa ne space (X; 〈 〉; F) in the sense of Andr .e is a
T-distance space (X; d); and vice versa: (1)
By (1) and a result of Geisert [3, Section 3]:
There is a covariant bijective functor from the category of
groups onto the category of T-distance spaces with |xunionsqy|=2: (2)
Here the morphisms of the T-distance spaces are those mappings f for which one has
d(x; y)=d(f(x); f(y)) for all x; y∈X:
Thus, group theoretical properties can also be given in the language of T-distance
spaces with |xunionsqy|=2. If the de3nition on the geometric side is well done any theo-
rem on groups can be translated to a theorem on special group spaces [6]. Pfalzgraf,
Andr.e, Geisert, and Kahlen have considered the problem of which the group theoretical
theorems hold for a wider class or even for all skewa ne spaces. For example:
A T-distance space is called abelian i0 for any x; y; z ∈X there exists a w∈X
ful3lling the following parallelogram property:
(PP) d(x; y)=d(z; w) and d(x; z)=d(y; w):
If (PP) is ful3lled then (x; y; w; z) is called a parallelogram with sides (x; y); : : : :
Because of the F-transitivity with (x′; y′) := (y; x) one has
A T-distance space with a symmetric d-function is abelian: (3)
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For skewa ne spaces symmetric means “selbstadjungiert”.
A special group space F(G) is abelian if and only if G is abelian [1]: (4)
For x∈X and T ⊂D let Ex(T ) be the set of points y such that there are
x0 := x; x1; : : : ; xn :=y with d(xi; xi+1)∈T ; i=0; : : : ; n− 1:
It is called the set of points attainable from x under T.
Example. In the real Euclidean plane one has Ex({k})=R2 for any k ¿ 0. This does
not hold in the case of the 3eld Q.
Moreover, a distance r ∈D is a central distance if (PP) holds for any x; y; z with
d(x; y)= r. Let C be the set of all central distances and Ex(C) the center through x.
For a special group space F(G) the center of the group G is
given by E1(C) [5]: (5)
X is called cyclic i0 X =Ex({d(x; y); d(y; x)}) for some x; y∈X . In the case |X |=1
we have the trivial cyclic space.
Example (Kahlen [5]). For a special group space F(G) let X :=F(G)×{1; 2} with
d′((x; xi); (y; yi)) :=
{
d(x; y); xi =yi;
 =∈D; xi =yi:
(X; d′) is a T-distance space, Ex({})=X , but for a noncommutative group G in
F(G)×{1} because of (4) there are distances which are not exchangeable. Here, we
even have Ex(C)=X which means that the center is not abelian.
In a T-distance space, two circles xunionsqy; z unionsqw are called congruent, ′′′′, i0 d(x; y)
=d(z; w), and a subset U ⊂X is called a subspace i0 for any x; y; z∈U and zunionsqwxunionsqy
the circle z unionsqw is in U . Subspaces U;U ′ are congruent i0 for s; t ∈U; x; y∈U ′
there exists z ∈U ′; u∈U such that d(s; t)=d(x; z); d(x; y)=d(s; u). We note this
by U ′=: {xU}.
Remark. For x =y, we call a circle xunionsqy a straight line i0 xunionsqy is a subspace.
Generalizations of examples (b) are the neara ne spaces, also invented by Andr.e,
which are symmetric T-distance spaces with additional axioms on straight lines.
It is easy to see that
(i) ′′ ′′ is an equivalence relation in the case of
{
circles
:
subspaces
(ii) If U is a subspace and x; y∈U then xunionsqy⊂U:
(iii) Subspaces of T-distance spaces are T-distance spaces: (6)
Remark. Remember that in a ne spaces (ii) is su cient to de3ne subspaces.
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Examples. ∅; {x}; X are trivial subspaces. Any Ex(T ) is a subspace.
Let X :=R2 with the Euclidean metric. Any additive subgroup (n ·Z)2 and any coset
of it is a subspace of X . This example can be generalized to other lattices.
By de3nition any intersection of subspaces of X is a subspace. Thus, we have an
hull operation
[T ] :=
⋂
S⊃T
S subspace of X
S
for any set T ⊂W .
The lattice of subspaces of an abelian space is modular [1]: (7)
Thus, in the abelian case we can introduce the dimension of the spaces.
One can factorize by any subspace: For (X; d) and a subspace U let
X ′ := {{xU}; x∈X };
d′({xU}; {yU}) := {d(s; t)∈D; there is s∈{xU}; t ∈{yU}}:
Translating a result of Geisert one has
(X ′; d′) is a T-distance space: (8)
Examples. (i) Let X :=R2 with U :=Z2 or any other lattice be given. Then (a com-
plete set of representatives of) X=U is a fundamental domain of the lattice supplied
with a T-distance.
(ii) Let X be an a ne space with an a ne subspace U . Then X=U is isomorphic to
a subspace transversal to U .
In T-distance spaces as generalizations of metric spaces, we may think of a topology.
There are no di culties with this here if one starts with a topology on D as in the
example of a metric space.
On X take the initial topology of
dx :
{
X →D
y →d(x; y)
for any x∈X:
The properties of this topology depends on those of D in particular on an order topology
on D.
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